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Several sources of error must be considered in evaluating the accuracy of analog or finite-difference solutions. Those frequently cited are: (a) truncation or roundoff errors, (b) observational errors made in measurement of the model, (c) errors due to instability of model or analog control equipment, (d) errors due to representing the Gl continuous aquifer as a group of finite elements, and (e) inaccurate proportioning between the aquifer properties and model components. Mathematical investigations (Blanch, 1953; Douglas, 1956; Garza, 1956; Greenspan, 1957; Landau, 1956; Lawson and McGuire, 1953; Milne, 1949; Paschkis and Heisler, 1946; Walsh and Young, 1953; and Wasow, 1952) have defined errors due to the above sources (a) and (d) for certain finite-difference solutions. By proper design of the model, matrix error of the types (a) and (d) may be reduced to insignificance with certainty only if those factors producing error can be evaluated completely before the model is built. Unfortunately, this evaluation can be made in only a few problems in which errors have been or can be defined by mathematical studies. No general criteria as yet exist for exactly predicting errors of these types. This is because the errors are dependent on the fineness of the model grid representing the aquifer, on the manner in which the characteristics of the aquifer change in space, and on the curvature of the potential distribution being investigated. In nearly all flow-problem solutions performed as engineering studies, one or more of these factors is unknown. Thus, the model design initially can only be guided by intuitive reasoning from general knowledge of design versus error characteristics. Although definition of the error inherent in an electric model solution is important, tolerance for error is ordinarily quite high in hydrologic studies. This is because the aquifer characteristics are seldom known with great accuracy, and therefore the model matrix itself can never be an exact replica of the aquifer. Because the hydraulic characteristics of aquifers are not likely to be known within ± 10 percent, it seems rather ludicrous to strive for analog accuracies on the order of 1 percent in general-purpose investigations of groundwater flow. Wide tolerances notwithstanding, no analog solution obtained may be considered a sufficiently accurate forecast or description of flow unless an error evaluation shows the solution accuracy to be within the tolerance demanded by final application of the solution. Error analysis has generally been made from a viewpoint that looks toward an unknown solution. For most ground-water flow problems this position is untenable. The viewpoint adopted here is that a solution should be obtained through model design guided by experienced intuition, and error evaluations should be made from the completed solution.
On the following pages, criteria are discussed for designing the model resistance elements which represent given blocks of the aquifer prototype. The interrelationship between the aquifer segment and the electric model component is discussed on the basis of a similitude between the electrical flow in the model and of ground-water motion in the aquifer. A few features of model design, as related to aquifer characteristics, are studied in detail to indicate type problems for which caution in selecting the grid subdivision must be exercised. Finally, the use of finite-difference methods for evaluating the total error in the analog solution is proposed and discussed.
EQUATIONS OF FLOW
At any given point in a nonhomogeneous aquifer, two-dimensional steady flow may be defined by the following differential equation:
where T is the aquifer transmissibility, h is the height of the water level above an arbitrary horizontal reference plane, and x and y are the coordinates of the point at which h is defined. The differential terms of equation 1 may be written in finite-difference form (Southwell, 1946) , whence
The subscript notation of equation 2 is identified on figure IA, which shows a small segment of the aquifer subdivided by a rectilinear grid, with spacing Aa? and A?/.
The model resistors connecting points of the analogous grid intersections, or nodes, of figure IA are shown in figure IB. To afford a correct analogic relation between the systems of I A and IB, the values of resistance of the elements in figure 1 B must be compatible with the transmissibility distribution about the nodes of figure IA. The equation of steady electrical flow to the junction (p, ri) in figure IB may be expressed in simplest form by the following:
in which e is the voltage at the junction indicated by the subscript, and R is the resistance of the element between junction (p, n) and the junction indicated by the subscript. 
in which (7 is an arbitrarily selected constant relating model resistance to aquifer transmissibility. From equations 6a-d,
On the basis of the analogy between Ohm's and Darcy's laws, e may be taken to be proportional to h. Substitution of the latter proportionality and the relations 6a-e into equation 4 transforms equation 4 into equation 5. Thus, it is evident that equations 6 analogically relate the finite-difference equations of ground-water flow to the equations of electrical current flow for a junction like (p, n) in figure IB .
RESISTANCE VALUES
Equations 6 may be used for calculating the resistance values around each junction of the model if the transmissibility distribution in the aquifer system is known. However, unless the transmissibility configuration and the node spacing are such that the value of a given resistance element, say, Rp^i of figure IB, is the same regardless of whether it is calculated using node p,n or node p l as the reference for equations 6, the model itself cannot be an exact finitedifference replica of the aquifer. The transmissibility distribution over the interval 0<x<3, shown on figure 2, may be used to illustrate this point. There, it has been assumed that T=3X and Ax=l. Thus, T is assumed constant along lines parallel to the y axis. Taking x=2 in figure 2 for the p, ^-reference node of equations 6, the resistance of the element to be placed between x= 1 and x 2 may be computed from equation 6a as follows:
But the value of this same resistor is also defined by equation 6b if the #,n-reference node for equations 6 is taken at x=l. Thus, from equation 6b, -7^=3+ =5 a result markedly different from that found with the #,n-reference for equations 6 at x=2. Rather than calculating R values by the finite-difference techniques, Karplus (1958, p. 181) has suggested making the values of the model resistors proportional to the integral of resistivity between nodes. Although the latter approach is justifiable as a much better approximation of the continuous aquifer media than equations like 6, error dependent on the flow regime will still arise. The latter error will be dependent mainly on the relative magnitude of the higher differentials of head and probably will be insignificant in many analog solutions.
Analysis of the form of T in space and integration of that form between all pairs of adjacent nodes according to Karplus' For all linear forms of T, this is true irrespective of which node is used as the p, n-reference in equations 6. It is also true for a host of other functional relations describing variations of T in space. The general nature of such functions can be discerned by defining T in the form of Taylor's series (see, for example, Scarborough, 1958, p. 338 ). If equations 6 are to afford a single value of resistance between model nodes, regardless of which node is used for reference, then, from equations 6a and 6b for the nodes of figure 2,
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or From Taylor's series, it can be shown that -12~-* 3 b^ ^~W 2^3T~ b? 2^5! and &T kx-* .,.
From a substitution of equations 8a and 8b in equation 7, &T b5T ($T 0.1458 ^3 Aar3+0.02070 ^ Aar5+0.001128 |^-AaT7+ ... =0 (9) without a loss of generality. An equation identical to the form of 9 may also be derived for the y axis. Equation 9 will always be satisfied if the differentials included are zero everywhere in the flow field. Thus if variations of T in space are defined by either linear or quadratic forms, equations 6 will always yield a single value of R for the space between a given pair of nodes irrespective of the reference position adopted for computing and irrespective of the magnitude of Ace. For other functional relations defining T in space, the series represented by equation 9 must be made insignificant by adopting an appropriately small value of Ax if equations 6 are used for computing values of resistance.
Equation 9 is helpful to the model designer only in that it specifies the type of variations of T for which resistance values can be computed as simple averages without concern for the magnitude of node spacing. However, for those situations in which the criterion of equation 9 is not satisfied along both the x and y axes, a model design based on equations 6 might be much less efficient than one based on Karplus' integration of hydraulic resistivity from one node to another. Under some circumstances, the latter approach may lead to a considerable amount of computation to define the resistor grid, but it may also lead to a greatly improved model efficiency by reducing the number of resistance elements required to obtain a given accuracy of the solution.
Consider, for one example, the case in which T=a+bx
To represent T in the model we may use the fundamental model relation R=
in which R0 is the resistivity of the model medium at the point where T=T0. Following the form used by Karplus (1958, p. 181 Rfx=TeBiAx I", , , . , ,* , , A x 1
In a relation like T=a-\-bx, the finite-grid model cannot be designed by lumping resistivity characteristics between grid intersections of the prototype. This is evident from equations 13 and 14. Letting Ax approach zero results in the resistance element value being inversely proportional to the square of transmissibility, at variance with the basic model relation given by equation 11. Equations 13 and 14 illustrate that some model elements must be designed only as a direct function of the finite-difference equivalents of the lumped transmissibility relations between two specified nodes. The latter approach may be taken by utilizing a familiar modified form of Darcy's law. 
ONE-DIMENSIONAL FLOW SOLUTIONS
The solutions of a particular problem of one-dimensional flow obtained are compared here by using the various procedures already discussed for computing resistance values. From equations 6, the resistance values are independent of Ax for the relation T=a-\-bx, because equation 9 will always be satisfied. Thus, one set of values of model resistance might be computed simply by making them inversely proportional to the average T between two nodes. Another ELECTRIC ANALOG, NONHOMOGENEOUS AQUIFEKS G9 set may be constructed from equation 16. Still another, but erroneous, set might be developed from equation 13. Further discussion of the latter set is included only to illustrate the error committed.
Analog solutions of the head distribution were obtained for Equations 6, 13, and 16 were used individually to design three electric models of the aquifer defined by equation 17 over the interval 0<x<10. Each model consisted of a series of variable resistors set to within 0.5 percent of the resistance indicated by the design equation. Voltage control and model readout were accurate to 0.1 percent or better. The theoretically correct head at any point x for each of the model designs is given by and was computed from the relation Heads observed on the three models and the theoretically correct heads calculated by means of equation 18 are given in table 1 for comparison with the analytical solution. All the model observations agreed with the corresponding theoretical model analysis to within ±0.5 percent. The electric model based on equation 16, as expected, produced the most accurate solution at a cost of greater time for computing resistance values. For this particular flow problem, the maximum error arising from the model based on equations 6 is only about 3.5 percent. This is not a significant error for most field applications.
Modeling T by the most fundamental finite-difference approach, as stated by equations 6, can sometimes lead to an unnecessarily large model to gain a given accuracy of the solution. The functional relation T=3X was used earlier as an example in which resistance values for model design cannot be computed by equations 6 unless Ax is comparatively small. This is because the higher differentials of T=3X are all larger than the first and second differentials, and therefore equation 9 cannot be satisfied, even approximately, unless Ax is very small. The effects of Ax on the values of R, calculated by means of equations 6, are illustrated in table 2. The resistance value was determined from equations 6 for the space between nodes 2 and 3 on figure 2, using both nodes alternately as reference, and letting Ax take several different values as node 2 was held at x 2. Where equation 6 is applicable, all the calculated resistance values in any one column of table 2 should be alike. Thus, for this particular functional relation, a net spacing of Ax 1 is much too large to permit the simplified calculation of R by averaging T values between adjacent nodes. With Ax=0.10, R calculated by equations 6b and 6c differs from the R calculated by averaging T values by only about 0.3 percent. The error introduced in a solution will be dependent on these deviations to some unknown extent. If R is to be computed for T=3Z on the basis of average T, it would be judicial to select a Ax of less than 0.1 so as to gain a solution accuracy probably within one percent. Further study of modeling relationships reveals a more simplified means for modeling T=3* and increasing the solution accuracy obtained for a given number of resistance elements. Following much the same approach used in deriving equation 12 for calculating R&, ( = J v Equation 21 is a relatively simple form for calculating R; it eliminates the need for averaging T values at adjacent nodes, and is a more exact replica of conditions between nodes because of the integration performed. Contrary to the results from equations 13 and 14, equation 21 shows resistance to be inversely proportional to T. Therefore, it is in agreement with the basic analogy given by equation 11 and can be used directly for model design.
If resistors are designed using equations 6 and 21, an electric analog solution for one-dimensional flow over the interval 0<£<i4, with h=Q at x=0 and h=W at x=4, will produce the values of head given in table 3. The greatest error for the study reported in column 2 was about 2 percent for x smaller than 1.5. For x greater than 1.5, the observed values of head compared more favorably with the analytical solution. For example, five times the number of resistors were required for the solution given in column 2, where Az=0.2, than were employed for the solution given in column 3. Yet, the solution accuracy appears to be considerably better in the data of column 3. Thus, for the function T=3*, equation 21 yields a design approach much superior to the finite-difference design embodied in equations 6.
DESIGN OF MODEL OF TWO-DIMENSIONAL FLOW
A mathematically rigorous description of model resistance for twodimensional flow would require detailed knowledge of the flow characteristics about each point in the flow field. However, such knowledge is not ordinarily available and approximations to the more rigorous model design must be applied. One such approximation can be formed by considering the velocity components along the x and y directions separately for the purpose of calculating model resistance. d% d2/t This approach is equivalent to assuming that ^ and ^ ^ are very small compared with ^ and ^ at all points in the flow system, and dT that the higher spatial derivatives of T are much smaller than z or figure 3 . These values were used in the construction of a model on which potentials, resulting from input and output through opposite corners of the system, were observed at each node. Only the equipotential lines developed from these observations are shown on figure 3.
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CALCULATING STATE OF THE MODEL FROM MEASURE-MENTS OF POTENTIAL
Provided the model design and measurements were all correct, analysis of the observed potential distribution summarized on figure 3 should yield the original description of the T distribution, namely, equation 22. Such an analysis would provide a qualitative test of the accuracy of the model solution. To effect this test, a computing procedure previously outlined was followed (Stallman, 1956) . Rather than use equation 22 for computing the spatial rate of change of T, it was assumed that the relation T=ax-\-by would approximate satisfactorily transmissibility over a small area of the flow field of figure 3 . The latter approximation contains two unknowns, a and b. By algebraic manipulation (StaUman, 1956) , the same form can be stated in terms of two other unknowns, a and -jp ^ > which perhaps have a more easily visualized physical significance, a is the angle Aa; 5!T between the x axis and the gradient of T, and -^ is a nondimensional number whose magnitude is highly related to flow-field distortion caused by nonhomogeneity. A minimum of two equations is required to solve directly for the two unknowns, a and -m ^r Potentials observed on the model and used in the computations are given in table 4. The two nodes marked with code 1 in table 4 were used as centers for constructing two finite-difference expressions If the solution based on equation 2 is found to be relatively accurate, however, it is likely that only one correction will ordinarily be needed for an assessment of total error at any point. The total error may be obtained by subtracting the potentials observed on the model of equation 2 at all (p, n) from the potential observed on the model of equation 2b. Such a procedure seems inordinately complicated and time consuming. However, for most analog solutions, brief studies of error, as defined by equations 28 and 29, will obviate the need for a complete and detailed error analysis. Using the data from table 4 for the point x=7, y ll of figure 3 as an example, the value of ^(7,ii) (eq. 2a) is found to be 36.12 from equation 2a. This equals exactly the value of A?, n (0bS.)> and therefore, from equation 29, all the detectable local error arises from truncation. From an analysis for truncation error by equation 28, using the basic data of the solution presented in figure 3 , it was found that e, is of the order of 0.001 at z=7, y=ll. Unless e z is larger than this over a significant area of the field of flow in that problem, it appears doubtful that the total error in potential at any point on the solution would be of importance in hydrologic studies.
SUMMARY
Resistance elements of an electric model of two-dimensional steady ground-water flow through nonhomogeneous aquifers may be assigned values inversely proportional to the aquifer transmissibility if variations of transmissibility in space can be represented accurately by linear or quadratic equations. The solution error is independent of the analogic distance between resistor units, except for errors due to truncation of the finite-difference approximations of head, in models G20 GENERAL GROUND-WATER TECHNIQUES of aquifers with, variations of transmissibility of first or second degree. Where transmissibility changes in space are of third or higher degree, model size for a given solution accuracy can be made small by selecting resistance values inversely proportional to an integral form of transmissibility. For some types of aquifers, the latter design procedure may be preferred so as to yield solutions of adequate accuracy from a comparatively small number of components.
A procedure for computing local error at each point in the analog solution has been proposed, using finite-difference techniques. An approximation of the total error in the analog solution can be obtained by injecting currents proportional to the calculated local error at each point on the model.
